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Abstract
We obtain two dimensional analogue of the Jordan-Brans-Dicke
(JBD) gravity action described in four dimensional spherically sym-
metric curved space time metric. There will be two scalar fields,
namely, the Brans Dicke (BD) φ and scale factor of 2-sphere part
of the space time ψ. We obtained suitable duality transformations
between (ψ, φ) and (ρ, S) where ρ and S is respectively amplitude
and phase part of the corresponding de Broglie pilot wave function
Ψ(ρ, S) =
√
ρeiS . Covariant conservation of mass-energy current den-
sity of particles ensemble Ja = ρ∂aS, is established by applying a
particular dynamical conformal frame described by (ρ, S).
1 Introduction
Over half a century of collective study has not diminished the fascination of
searching for a consistent theory of quantum gravity [1].
The perturbative quantum field theory in curved space time, [2,3,4] schemes
foundered on intractable ultraviolet divergences and gave way to super-
gravity, the super-symmetric extension of standard general relativity. In spite
of initial optimism, this approach succumbed to the same disease and was
eventually replaced by the far more ambitious superstring theories [5]. Su-
perstring theory is now the dominant quantum gravity programme in terms
of the number of personnel involved and the number of published papers, per
year, per unit researcher.
The nonperturbative canonical quantum gravity [6] or quantum geometry
attempts for quantizing the metric variables where rather nave and took on
various forms according to how the intrinsic constraints of classical general
relativity are handled. In the most popular approach, the constraints are
imposed on the state vectors and give rise to the famous Wheeler-De Witt
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equation arguably one of the most elegant equations in theoretical physics,
and certainly one of the most mathematically ill-defined.
The enormous difficulty of the canonical quantum gravity scheme eventu-
ally caused it to go into something of a decline, until new life was imparted
with Ashtekar‘s discovery of a set of variables in which the constraint equa-
tions simplify significantly. This scheme slowly morphed into “loop quantum
gravity“: an approach which has, for the first time, allowed real insight into
what a nonperturbative quantization of general relativity might look like.
A number of genuine results were obtained, but it became slowly apparent
that the old problems with the Wheeler De Witt equation were still there in
transmuted form and the critical Hamiltonian constraint was still ill-defined.
In summary, the canonical quantum gravity and particularly loop quantum
gravity has self-contained treaties and it may to be hopeful (see [7] and ref-
erences therein).
Quantum general relativity or canonical quantum gravity is based to two
fundamental building blocks of modern physics, namely, general covariance
(the general relativistic principle of background independence) and the un-
certainty principle of Copenhagen quantum mechanics. However the well
known Copenhagen quantum mechanics has still many fundamental prob-
lems: non-locality, non-causality, the measurement problem, the nature of
reality and etc. The Bohr-Einstein debate on these problems is followed by
other researchers and whose challenge reduces to the de Broglie-Bohm casual
quantum mechanics [8-14]. The de Brogle-Bohm ontology of the quantum
physics presents new features of quantum gravity theory (see for instance
[15-18]). In the standard form of this theory, the classical gravity should be
viewed as a classical field containing quantum trajectories originated from
quantum potential.
The author exercised conformaly flat space time version of the JBD gravity
[19] previously and obtained whose de Broglie-Bohm particle interpretation
in [20]. In the present paper, we use JBD scalar tensor gravity described
by spherically symmetric curved space-times and obtain whose correspond-
ing de Borglie-Bohm quantum gravity in which amplitude and phase of the
pilot wave can be described in terms of the BD scalar field and scale factor
of 2-sphere part of the metric. As a future work, results of the paper can
be used to study physical features of spherically symmetric dynamical space
times such as black holes evaporation, thermodynamics and etc.
2
2 Spherically symmetric JBD space time
Let us start with JBD gravity theory [19] given by
IJBD =
1
16pi
∫
d4x
√
g{φR− ω
φ
gµν∂µφ∂νφ}. (2.1)
Using a dimensionless scalar field as
σ = (2ω + 3)
1
2 lnGφ, (2.2)
and particular conformal metric transformation
g¯µν = gµν exp
(
σ√
2ω + 3
)
= gµνGφ (2.3)
the action (2.1) leads to the following form.
I¯JBD =
1
16piG
∫ √
g¯d4x{R¯ − 1
2
g¯µν∂µσ∂νσ} (2.4)
which describes minimally coupled scalar-tensor gravity theory where I¯EH =
1
16piG
∫ √
g¯d4xR¯, is well known Einstein-Hilbert action functional. Usually g¯µν
and gµν is called ‘Einstein‘ and ‘Jordan‘ frames respectively [21]. G is named
the Newton‘s gravitational coupling constant. Also g (g¯) is absolute value of
determinant of the metric gµν (g¯µν) with Lorentzian signature (−,+,+,+).
ω is dimensionless BD parameter and whose present limits based on time-
delay experiments [22-25] require ω ≥ 4× 104. When ω →∞, then the JBD
gravity theory leads to the Einstein‘s general relativity theory and ω = −1 is
due to a fundamental symmetry of strings [26]. This is a symmetry of string
amplitudes which relates large and small radius of compactification. Also
negative values of the BD parameter ω come from Kauza-Klein theory, when
these alternative theories in (4+h) dimensions reduce to a generalized JBD
theory after the dimensional reduction in the zero modes approximation such
as ω = −(1 + 1
h
) [27].
General form of spherically symmetric curved space time metric is given by
ds2 = gabdx
adxb + ψ2
(
dθ2 + sin2 θdϕ2
)
, (2.5)
where 2-sphere conformal factor ψ2 is called as dilaton field and gab is de-
scribed in terms of two dimensional coordinates xa with a ≡ 1, 2. Thomi
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et al [28] obtained previously two dimensional analog of the Einstein-Hilbert
action by using (2.5) such as follows.
I¯EH =
1
16piG
∫
d4x
√
[4]g¯
[4]
R¯ =
1
2G
∫
d2x
√
g¯{1+ g¯ab∂aψ¯∂bψ¯+ 1
2
R¯ψ¯2} (2.6)
where ‘over-bar‘ denotes to the Einstein frame. [4]g (g) and [4]R (R) is ab-
solute value of determinant of the four (two) dimensional metric and Ricci
scalar in four (two) dimensional space time respectively. Applying (2.5) and
(2.6), one can obtain two dimensional analogue of the action (2.4) described
in the Einstein frame as
I¯JBD =
1
2G
∫
d2x
√
g¯{1 + g¯ab∂aψ¯∂bψ¯ + 1
2
R¯ψ¯2 − ψ¯
2
4
g¯ab∂aσ¯∂bσ¯}. (2.7)
Using the conformal transformation (2.3), we will have
√
g¯ =
√
g exp
(
σ√
2ω + 3
)
, g¯ab = gab exp
( −σ√
2ω + 3
)
(2.8)
and
ψ¯ = ψ exp
(
σ
2
√
2ω + 3
)
, σ¯ = σ, (2.9)
with
R¯ = exp
(
− σ√
2ω + 3
)[
R− g
ab∂a∂bσ√
2ω + 3
]
. (2.10)
Applying (2.2), (2.8), (2.9) and (2.10), the action (2.7) is given exactly in
the Jordan frame such as follows.
IJordanJBD [φ, ψ, gab] =
1
2
∫
d2x
√
g{φ+ 1
2
φψ2R + φgab∂aψ∂bψ
+2ψgab∂aψ∂bφ− ωψ
2
2φ
gab∂aφ∂bφ} (2.11)
in which R is Ricci scalar of the metric gab defined in Jordan frame, and also
we eliminated divergence-less terms. Varying the action (2.11), with respect
to the fields gab, ψ and φ the corresponding field equations are obtained
respectively as
Tab = φ∂aψ∂bψ + 2ψ∂aψ∂bφ− ωψ
2
2φ
∂aφ∂bφ− ∂a[√g∂b(φψ2)]/2√g
4
−1
2
gab{φ+ gcd[φ∂cψ∂dψ + 2ψ∂cψ∂dφ− ωψ2∂cφ∂dφ/2φ−(φψ2)]}, (2.12)
1
2
φψR− gcd[∂cφ∂dψ + ωψ∂cφ∂dφ/2φ]− ψφ− φψ = 0 (2.13)
and
1+
1
2
ψ2R+gcd[∂cψ∂dψ−ωψ2∂cφ∂dφ/2φ2+2ωψ∂cψ∂dφ/φ]+ωψ2φ/φ−ψ2 = 0
(2.14)
where we defined  = ∂a(
√
ggab∂b)/
√
g.
Using the transformations
φψ2 = αρ, ψ = lpρ
βeγS (2.15)
with
α =
3 + 2ω
4(2 + ω)
, β =
1 + ω
3 + 2ω
, γ2 = − 2(2 + ω)
(3 + 2ω)2
(2.16)
the action (2.11) become
IJordanJBD [ρ, S, gab] =
1
2
∫
d2x
√
g{ρgab∂aS∂bS + g
ab∂aρ∂bρ
4ρ
+ αρR +
2αρ1−2β
l2pe
2γS
}
(2.17)
where lp = (16piG)
1/2 with c = ~ = 1, is the Planck length, and (ρ, S) are
dimensionless real scalar fields. Varying the action (2.17) with respect to the
field ρ, one can obtain Hamilton-Jacobi equation as
gab∂aS∂bS = −αR + (2β − 1)e
−2γS
ρ2βl2p
+

√
ρ√
ρ
. (2.18)
Varying the action (2.17) with respect to the field S, we obtain covariant
divergence of the mass-energy current density of the particles ensemble Ja =
ρ∂aS such that
1√
g
∂a{ρ√ggab∂bS} = −γρ1−2βe−2γS/l2p. (2.19)
The above equation shows covariant conservation of the mass-energy current
density Ja only at the particular Einstein‘s regime γ = 0, namely ω → +∞.
In other words nonzero value of RHS of the above equation presents particle
creation coming from Bohm quantum potential. However, with arbitrary
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nonzero value of α (ω 9 ∞), the covariant conservation of this current
density can be still established by applying conformal frame g˜ab = Ω
2gab
where
˜ ln Ω = −ρ−2βe−2γS/l2p. (2.20)
In the latter frame the action (2.17) is transformed to
I˜JordanJBD [ρ, S, g˜ab] =
1
2
∫
d2x
√
g˜{ρg˜ab∂aS∂bS + g˜
ab∂aρ∂bρ
4ρ
+ αρR˜} (2.21)
in which the corresponding Hamilton-Jacobi equation and the covariant con-
servation equation are obtained as
g˜ab∂aS∂bS = −αR˜ +
˜
√
ρ√
ρ
(2.22)
and
1√
g˜
∂a{ρ
√
g˜g˜ab∂bS} = 0. (2.23)
Defining de Borglie-Bohm pilot wave of the gravitational system as Ψ =√
ρeiS, the action (2.21) can be rewritten as
I˜JordanJBD [Ψ, g˜ab] =
1
2
∫
d2x
√
g˜{g˜ab∂aΨ∂bΨ∗ + αΨΨ∗R˜} (2.24)
where Ψ∗ =
√
ρe−iS is complex conjugate of the scalar field Ψ. In order to
obtain the WKB approximation, in the classical limits where there is a wave
packet of width much greater than the wave length, the quantum potential
term ˜
√
ρ/
√
ρ will be very small compared with the classical kinetic term
g˜ab∂aS∂bS. We therefore can be neglect it in the WKB approximation. In
other words in the de Broglie-Bohm particle interpretation the quantum po-
tential causes to trajectories on the classical paths of the particles ensemble.
These particles move normal to the wave front S = constant. It follows then
that the Hamilton-Jacobi equation (2.22) can be regarded as a conservation
equation for the probability in an ensemble of such particles, all moving nor-
mal to the same wave front with a probability density ρ. One should be note
that the metric function g˜ab is still treats as classical metric field and whose
quantum trajectories come from quantum potential term ˜
√
ρ/
√
ρ such as
follows.
The Hamilton Jacobi equation (2.22) can be rewritten as
gab∂aS∂bS = −αR˜, (2.25)
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where we defined quantum perturbed metric function as
gab = g˜ab
{
1− ˜
√
ρ/
√
ρ
αR˜
}
. (2.26)
Thus quantum trajectories of the classical metric will be
∆ab = gab − g˜ab = −g˜ab
[
˜
√
ρ/
√
ρ
αR˜
]
(2.27)
which are negligible in the WKB approximation. Interaction of the parti-
cles ensemble with the classical background metric g˜ab causes to create these
quantum trajectories. We should be point that the covariant conservation
condition (2.23) described in terms of the quantum perturbed metric func-
tion gab will be violated. This violation originates from creation of quantum
particles interacting with curved space time (Hawking radiation). Physi-
cally it seems that the pointed creation of particles should be related to the
conformal anomaly derived from renormalization of stress tensor operator
expectation value of the quantum fields propagating on a curved space time
(see [29] and references therein). As a future work this problem may to
be a suitable exercise leading to a duality picture between de Broglie-Bohm
anomaly derived from quantum potential and conformal anomaly obtained
from renormalization theory of quantum fields.
3 Concluding remarks
Applying JBD gravity theory described by spherically symmetric curved
space time we seek corresponding de Broglie Bohm pilot wave perspective,
where amplitude and phase part of the pilot wave is defined by the Brans
Dicke scalar field and 2-sphere scale factor. This approach of quantum gravity
is useful to study spherically symmetric space time with black hole topology.
Also quantum trajectory of the background metric is obtained in terms of
the Bohm quantum potential. There is obtained a suitable conformal frame
where the covariant conservation of the matter-energy current density of
particles ensemble is established. However it violates in the presence of the
quantum potential effects.
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